Let be a function field over a perfect constant field of positive characteristic , and the compositum of (degree ) Artin-Schreier extensions of . Then much of the behavior of the degree extension / is determined by the behavior of the degree intermediate extensions / . For example, we prove that a place of totally ramifies/is inert/splits completely in if and only if it totally ramifies/is inert/splits completely in every . Examples are provided to show that all possible decompositions are in fact possible; in particular, a place can be inert in a non-cyclic Galois function field extension, which is impossible in the case of number field. Moreover, we give an explicit closed form description of all the different exponents in / in terms of those in all the / ; results of a similar nature are given for the genus, the regulator, the ideal class number and the divisor class number. In addition, for the case = 2, we provide an explicit description of the ramification group filtration of / .
Introduction
When investigating algebraic number fields and function fields, Hilbert ramification theory is a convenient tool, especially in the study of wild ramification. Fix a function field over a perfect constant field of positive characteristic , and let be the compositum of two or more (degree ) Artin-Schreier extensions of . We investigate the splitting and the different exponent at a place of in the field extension / . In the case where is the compositum of just two Artin-Schreier extensions, i.e. [ : ] = 2 , we also completely characterize the collection of ramification groups of / at . Our main results are obtained by extensive use of valuation theory and the explicit construction of a suitable uniformizer for any place of lying above .
The decomposition of in is in essence completely determined by its decomposition in all the intermediate degree Artin-Schreier extensions / . For example, if (totally) ramifies in every such extension / , then totally ramifies in / . Note that this is exactly the opposite of Abhyankar's Lemma, due to the fact that is wildly ramified in all the intermediate degree extensions / . In fact, much more can be said; namely that totally ramifies/is inert/splits completely in / if and only if it (totally) ramifies/is inert/splits (completely) in all Artin-Schreier subfields / with [ : ] = . Thus, for these extreme splitting types, the decomposition in the compositum of Artin-Schreier extensions faithfully reflects the decompositions in the intermediate degree Artin-Schreier extensions.
Literature on the topic of (generalized) Artin-Schreier extensions is extensive. The terminology arises from a paper by Artin and Schreier [3] . Hasse [16] investigated Artin-Schreier extensions at length and introduced a standard form description whose explicit nature facilitates the investigation of these objects considerably. In [20] , the standard form description is extended to cyclic generalized Artin-Schreier extensions (or Artin-Schreier-Witt extensions), while the ramification groups of Artin-Schreier-Witt extensions are studied in [24] . For generalized Artin-Schreier extensions whose Galois groups are elementary abelian -groups, we refer to a series of papers by Beelen, Garcia, and Stichtenoth [12, 13, 4, 14, 6] . In the context of applications to coding theory, the main focus of these papers is frequently the asymptotic"good" or "bad" behavior of field extension towers; specifically, how the number of rational points varies with respect to the genus in the extension towers. A good survey can be found in [15] .
Throughout this paper, we use the following notation:
• is a perfect field of characteristic > 0;
• is a function field with constant field ; • is a place of whose degree is denoted by deg( ); • : → ℤ∪{∞} is the (surjective) discrete valuation corresponding to ; • = { ∈ | ( ) ≥ 0} is the valuation ring corresponding to .
Then / is an extension field of of extension degree deg( ). For any extension of and any place of lying above , we write | . Let ( | ), ( | ), ( | ), and ( | ) be the ramification index, relative degree, number of places of lying above , and different exponent of | , respectively; we note that ( | ) is in fact independent of , but we use this notation to specify the field containing if necessary. If / is a Galois extension, we denote the first three of these quantities by ( ), ( ), and ( ), respectively, if there is no need to specify . In this case, ( ) ( ) ( ) = [ : ], the degree of the extension / , and the ramification groups of | are given by = ( | ) = { ∈ Gal( / ) | ( − ) ≥ + 1 for all ∈ } (1.1)
for ≥ 0. The connection between these groups and the different exponent is reflected in Hilbert's different formula (see for example Theorem 3.8.7, p. 136, of [23] ):
We also recall the transitivity of the decomposition data and the different exponent. If ⊆ ⊆ are function fields, a place of , = ∩ , and = ∩ , then
3) and
Henceforth, we restrict to the Artin-Schreier set-up. For 1 ≤ ≤ , let have a defining equation of the form
Let be the compositum of the fields ( ), 1 ≤ ≤ . Then / is an elementary abelian -extension of type ( , , . . . , ) (at most copies). Henceforth, we assume there are exactly copies, so [ : ] = .
2. The Case = 1 When = 1, then / is simply an Artin-Schreier function field extension. This scenario is very well understood. For any Artin-Schreier generator of / , say − = ∈ , we may assume that
This result was given by Hasse [16] and is also formulated as Lemma 3.7.7, p. 125, of [23] . In fact, when is the rational function field, Hasse proved that (2.1) holds simultaneously for all places of . When is an arbitrary function field, we can assume that (2.1) holds for any fixed place of , but the choice of may depend on . The proof of how to choose corresponding to is, in essence, revisited in the proof of Lemma 3.9 below.
Throughout this section, let = ( ) with − = ∈ , such that (2.1) holds.
It is easy to see when exactly is the (full) constant field of :
Proposition 2.1. is the (full) constant field of if and only if / ∈ .
Proof. If is the full constant field of , then obviously / ∈ . Conversely, suppose / ∈ . Then by (2.1), there exists a place of so that ∤ ( ) < 0. Let¯ be a fixed algebraic closure of . Consider the constant field extension ¯ / , and let be the unique place of ¯ lying above . Then ¯ ( ) = ( ) since ¯ / is unramified. It follows from Eisenstein's Criterion (Proposition 3.1.15, p. 76, of [23] ) that − − is irreducible over ¯ . Hence has full constant field .
Recall the decomposition of a place in an Artin-Schreier extension / :
Theorem 2.2. The decomposition of any place of in is
Proof. This is an easy consequence of Kummer's Theorem (Theorem 3.3.7, p. 86, of [23] ) and Eisenstein's Criterion (Proposition 3.1.15, p. 76, of [23] ).
Note that
− − always splits modulo if ( ) > 0. Let be any place of lying above . By Proposition 3.7.8 (c), p. 127, of [23] , the different exponent of | is
Hence by Hilbert's Different Formula (1.2), the ramification groups = ( | ) are
Finally, we establish a one-to-one correspondence between the places of with ( ) ∕ = 0 and the places of with ( ) ∕ = 0.
Theorem 2.3. For any place | of / , the following hold:
(1) If ( ) < 0, then is the unique place of lying above , and
. ., are the places of lying above , then ( ) = ( ) > 0 for one index , and ( ) = 0 for all ∕ = .
Proof. The uniqueness of in part (1) follows from Theorem 2.2, since (totally) ramifies in / . The other results in parts (1) and (2) are immediate by applying the strict triangle inequality at to the equation − − = 0. For part (3), when ( ) > 0, then splits completely in / by Theorem 2.2. We claim that
Indeed, since the Galois group Gal( / ) of / acts transitively on the places , there exists for any distinct pair of indices , an automorphism ∈ Gal( / ) ∖ { Id } such that = . Then = + for some 1 ≤ ≤ − 1, since { + | ∈ } is the set of roots of the equation
Hence, by the strict triangle inequality, ( ) = min{ ( + ), ( )} = ( ) = 0. Without loss of generality, we can assume that ( ) = 0 for 2 ≤ ≤ . It remains to show that ( ) = ( ) > 0. Note that ( ) ∈ {0, ( )} by applying the strict triangle inequality at to the equation
where runs through all the places in lying above . Here, equality holds if and only if ( ) = ( ). Note that (2.4) is true for an arbitrary place of , as long as ( ) > 0. Let and denote the divisor groups of and , respectively, and consider the principal divisors ( ) ∈ and ( ) ∈ . By part (1), the degree of the pole divisor of ( ) in equals the degree of the pole divisor of ( ) in . Hence the same is true for the zero divisors of ( ) and ( ), i.e.
By parts (1) and (2) and (2.3), we see that for all places of , ( ) ∕ = 0 for at most one place | . Thus, (2.5) implies
Note that when ( ) > 0, deg( ) = deg( ) for any | . Our result now follows by multiplying (2.4) by deg( ), summing both sides of the resulting identity over all places of such that ( ) > 0, and comparing with (2.6).
It should be noted that some of the results of Theorem 2.3 can be generalized to complete discrete valuation fields of characteristic 0; see Proposition 2.5, pp. 77f., of [11] .
Corollary 2.4. For every place of with ( ) ∕ = 0, there exists a unique place of lying above such that ( ) ∕ = 0. Conversely, for every place of such that ( ) ∕ = 0, its restriction = ∩ to has the property that ( ) ∕ = 0.
The case = 2
This setting turns out to be crucial in our analysis of the case of general that will be investigated in the next section. Throughout this section, let be the compositum of two Artin-Schreier extensions ( ) and ( ), so = ( , ) with
For an arbitrary fixed place of , we assume throughout this section that (2.1) holds for both = and = without loss of generality; that is,
We also require that ( ) and ( ) be disjoint. To guarantee this, it suffices to assume that ∕ = + − for any ∈ * and ∈ , by Proposition 5.8.6, p. 171, of [25] . Then / is an elementary abelian -extension of degree 2 . Note that / has + 1 intermediate fields of degree , given by ( ) and ( + ) for ∈ .
We begin again with a characterization of the constant field of . 
We will also make use of the following lemma: / . This is again a contradiction.
We require additional notation. For any place of , write
Then splits in as follows:
Furthermore, if is a finite field, then the case (1, 2 , 1) does not occur.
Proof. If ( | ) = for at least two indices , then ( | ) = for all , so ( | ) = 2 by Proposition 3.9.6 (b), p. 141, of [23] . Suppose now that ( | ) = for exactly one . Then ( | ) ( | ) = for some ∕ = . Without loss of generality, assume that = 0 and = .
If Finally, we prove that the case (1, 2 , 1) does not occur when is finite. Let / = and ℘ : → − the Artin-Schreier operator. Then ℘ is an endomorphism on the additive group of . It is easy to see that ℘ is a -to-1 map, hence the image Im(℘) of ℘ in / = has cardinality / and /Im(℘) has cardinality .
Consider the + 1 polynomials − − (mod ), − − ( + ) (mod ), 1 ≤ ≤ , over . By the Pigeon Hole Principle, at least two of them are in the same residue class modulo Im(℘). Without loss of generality, assume that
Theorem 3.4 implies that in a compositum of two Artin-Schreier extensions, the converse of Abhyankar's Lemma (Proposition 3.2) also holds; that is, if
is tamely ramified (and hence unramified) in at least one of the degree Artin-Schreier extensions of . In fact, unless is inert or totally ramified or splits completely, we have
We saw that the totally inert case described in Lemma 3.3 cannot happen over finite constant fields. It should be noted that this case happens rather rarely in number fields as well. For example, let / be a Galois extension of number fields with a non-cyclic Galois group. Then by Corollary 10.1.7, p. 479, of [8] , no prime ideal of is inert in / . However, the totally inert case does occur in the compositum of Artin-Schreier extensions / : Example 3.5. For any rational prime > 0, there exists an (infinite) perfect field of characteristic , so that for any function field with constant field and any place of , there exists a field that is the compositum of two Artin-Schreier extensions of so that [ : ] = 2 , is the full constant field of , and is inert in .
Proof. For any rational prime > 0, let be a finite field of characteristic , 0 = ( ) the rational function field, and¯ 0 a fixed algebraic closure of 0 . For ≥ 1, let = { ∈¯ 0 | ∈ −1 }, and set = ∪
≥0
. It is easy to see that is a field for all ≥ 0, and that is a perfect field.
For any function field with constant field , and any place of , we choose , ∈ ∖ so that − 1+ ∈ and − 1+ + ∈ for all ≥ 0. This is possible since ⊆ / . For example, choose =
1+
+ where is a uniformizer of ; similarly for . Then , ∈ ∖ as ∈ and ∈ ∖ . Set = ( , ), where 
It remains to show by Theorems 2.2 and 3.4 that for some , the polynomials , ( ) remain irreducible over / for all ∈ . Note that , ( ) is defined over . We claim that , ( ) is irreducible over for all 0 ≤ ≤ and ≥ 0 . In fact, we prove a more general result:
By Artin-Schreier theory (see, for example, Theorem 6.4, p. 290, of [19] ), it suffices to show that ( ) has no roots in . Assume to the contrary that ∈ is a root of ( ). Then ∈ ( ) is a root of
After a finite number of such steps, with decreasing in each step, we eventually obtain a root ∈ [ ] of − − ℎ( ), a contradiction. This finishes the proof of (3.5) and hence (3.4).
Next, we claim that the splitting fields of , ( ) are pairwise distinct for fixed and distinct . In other words, the fields defined by , 1 ( ) and , 2 ( ) are distinct for all , if 1 ∕ = 2 . Since both polynomials are of Artin-Schreier type, it suffices to show that
by Proposition 5.8.6, p. 171, of [25] . Equivalently, this states that both − − (
) are irreducible over , which is true by (3.5).
For any fixed place of , / is a fixed extension field of . Since the splitting fields of 0, ( ) over are pairwise distinct for distinct , there are infinitely many 0, ( ) that are irreducible over / . Similarly, among these infinitely many indices , there are infinitely many 1, ( ) that are irreducible over / . In this way, we eventually obtain infinitely many indices so that , ( ) is irreducible over / for all 0 ≤ ≤ . Set = such that , ( ) is irreducible over / for all 0 ≤ ≤ . It remains to show [ : ] = 2 to finish the proof. Clearly − − and − − are irreducible over , since they are irreducible modulo . Also it is obvious that ( ) and ( ) are disjoint, by a similar modulo analysis.
Next, we give two examples corresponding for the totally ramified case in Theorem 3.4. These examples will be revisited and their distinctions explained later on in this section. Note that is the only ramified place in ( )/ and ( + )/ for all 1 ≤ ≤ . By way of contradiction, suppose that is not totally ramified in / . Then / ( ) and / ( + ) are unramified for 1 ≤ ≤ . Denote by , 0 , and the genera of , ( ), and ( ), respectively. Then 2 −2 = (2 0 −2) = (2 −2) by the Hurwitz Genus Formula, which implies 0 = .
On the other hand, again by the Hurwitz Genus Formula,
Example 3.7. For an arbitrary rational prime > 0, let be any function field with a perfect constant field ⊋ , ∈ ∖ , any place of , any element of so that ∤ ( ) < 0, and ( ) ≥ 0 for all places ∕ = of , = , and = ( , ) with , defined by (3.1). Then is totally ramified in , and ( ) = ( + ) for all 0 ≤ ≤ .
Proof. In lieu of Example 3.6, it suffices to show that ( + ) = ( ) for all 0 ≤ ≤ . But this is obvious since ( + ) = 0 for ∈ , since ∈ ∖ .
We now provide a simple description of the entire ramification group sequence = ( | ), and hence the different exponent, of any place | of / . Obvi-Ramification Groups and Differents in Artin-Schreier Composita 11 ously # ∈ {1, , 2 } for all ≥ 0. In lieu of (2.2), it will be useful to define the quantities
with , 0 ≤ ≤ , as in (3.3). Clearly, and are integers that depend on the field extension / only. For example, if totally ramifies in / (and hence in ( )/ and ( )/ by Lemma 3.3), and if ( ) < ( ), then = − ( ) and = − ( ) by (2.2). We point out that both < and = can occur when totally ramifies in / : Examples 3.6 and 3.7 represent scenarios for the former and latter case, respectively.
It is straightforward to compute the ramification group sequence when does not totally ramify in / . In this case, ( | ) = 1 for some 0 ≤ ≤ by Lemma 3.3, so obviously # ∈ {1, }, and = −1 by (2.2). The totally ramified case is much more interesting, so we assume henceforth, until the end of the section, that totally ramifies in / . Our analysis of the groups proceeds in several stages. First, we produce a recursive sequence of ArtinSchreier generators ℎ ∈ [ , ] (ℎ ≥ 0) of / ( ) whose -value increases as ℎ increases until a certain threshold is reached. Since this threshold is not divisible by , this guarantees the existence of an Artin-Schreier generator ∈ [ , ] of / ( ) with ∤ ( ); note that we cannot choose = as ( ) = ( ) is divisible by . Now by Proposition 3.8.5, p. 134, of [23] , it suffices to check the membership property of any for a uniformizer of only. The existence of will yield such a uniformizer for which it will be possible to explicitly determine all the groups . Lemma 3.9. Let a place of that totally ramifies in , and 0 given by (3.3), and , defined by (3.6). Then there exist sequences ℎ ∈ and ℎ ∈ [ , ] such that for all ℎ ≥ 0 the following properties hold:
Proof. By Theorems 3.4 and 2.2, we have ∤ ( ) < 0 and ∤ ( ) < 0. We begin by constructing a sequence ℎ ∈ (ℎ ≥ 0) such that part (1) of the lemma holds. Initialize 0 = . Suppose we are given ℎ with ℎ ≥ 0. Since ∤ ( ), there exist ℎ , ℎ ∈ ℤ with ℎ > 0 and ℎ ( ) + ℎ = ( ℎ ). Let be any uniformizer of . Then (
Since / is perfect, there exists ℎ ∈ * such that ℎ
Next, we define auxiliary sequences ℎ , ℎ ∈ [ ] as follows.
where = 1 if = and = 0 if < . We compute the 0 -values for both these sequences. Since 0 ( ) = ( ) by Theorem 2.3, we have 0 ( ℎ ) = ℎ + ℎ ( ) = ( ℎ ). Now fix ℎ ≥ 1 if = and ℎ ≥ 0 if < . Then by construction of ℎ and ℎ as well as (3.1),
Now 0 ( ) = ( ), and obviously 0 ( ) = ( ), so
Since ( ) < 0, the expression on the right hand side of (3.9) strictly increases as increases. It follows that the sum in (3.8) takes on its 0 -value at the term with = 1. Since 0 ( ℎ ℎ ) = 0 ( ℎ ) and 0 ( ) = ( ), we obtain by (3.9),
where equality holds if and only if ∤ ℎ . In particular, equality holds for 0 if < . We still need to determine 0 ( 0 ) in the case when = . In this case, ( ) = ( + ) for all ∈ . Recall that 0 ( ) + 0 = ( 0 ) = ( ) = ( ), so we can assume that 0 = 1 and 0 = 0. Hence 1 = − 0 . We claim that ( 0 − 0 ) = 0. To that end, assume to the contrary that ( 0 − 0 ) > 0. Then 0 ≡ 0 (mod ), where (mod ) denotes the projection of ∈ in / . Hence 0 ≡ − (mod ) for some ∈ * . It follows that
Since 0 = 0 , we have
Thus, 0 ( 0 ) = 0 ( ) = ( ), so (3.10) holds in this case as well. In both cases, by (3.7), we have
Finally, we construct the sequence ℎ (ℎ ≥ 0) satisfying parts (2) and (3) 
where ℎ = ∑ ℎ−1
=0
and ℎ = ∑ ℎ−1
− 0 . It suffices to prove 0 ( ℎ ) = min{ 0 ( ℎ ), ( − ) − } for all ℎ ≥ 0 to finish the proof of the lemma.
We claim that 0 ( ℎ ) > 0 ( ℎ ) = ( − ) − ∕ = 0 ( ℎ ). By (3.10) and part (1) of the lemma, 0 ( ℎ ) = 0 ( 0 ) = ( − )− by (3.11). Since 0 ( ) = ( ), we see from part (1) that 0 ( ) also strictly increases as increases. If = 0, then < , so by (3.7),
So in both cases
. By the strict triangle inequality, we obtain 0 ( ℎ ) = min{ 0 ( ℎ ), ( − ) − } as claimed. (2) and (3) of the same lemma,
Theorem 3.11. Let a place of that totally ramifies in , the place of lying above , and , defined by (3.6). Then the ramification group filtration of | is given by
where = and = + ( − ).
Proof. As mentioned earlier, the membership property of any only needs to be verified for a uniformizer of ; see for example Proposition 3.8.5, p. 134, of [23] . We construct a suitable such uniformizer as follows. Let , be integers with > 0 and ( ( − ) − ) + 2 = 1. By Corollary 3.10, there exists an Artin-Schreier generator ∈ [ , ] with ( ) = ( − ) − . Let be a uniformizer of , and set = . Then ∈ [ , ] ⊆ and ( ) = 1, so is a uniformizer of . Let and generate the fixed groups of ( ) and ( ), respectively, under Galois correspondence. Then and generate the Galois group of / , so it suffices to compute ( − ) and ( − ). Obviously = and = . By replacing by a suitable power of if necessary, we may assume that = + 1 without loss of generality; similarly, = + 1. By construction of , = ℎ = − ℎ for some ℎ ∈ ℕ, where ℎ =
It follows that ( − ) = − , and so = + − = + 1. Thus,
Since ( ) < 0 by Corollary 3.10, ( ) strictly decreases as increases, so the sum above takes its -value at the term with = − 1. Hence, ( − ) = ( −1 ) = ( ) − ( ) = 1 + + ( − ), where the last equality follows again from Corollary 3.10.
Finally, we compute − . We have
where = with ∈ * , ∈ ℕ, ∈ ℤ, and ( ) + = ( ). Thus,
Since 0 ( ) = ( ) < 0, 0 ( ) strictly decreases as increases. So
where equality holds if and only if ∤ . In particular, we have 0 ( 0 − 0 ) = ( ) − ( ). By part (1) of Lemma 3.9, ( ) − ( ) strictly increases as increases, so
Thus, (3.12) , this expression takes on its -value for = − 1, so again by Corollary 3.10 and (3.12),
Note that if = , then = = , so no ramification group has order . In general, the number of ramification groups of order is − = ( − ). The fact that this number is divisible by is a consequence of the Hasse-Arf Theorem [2] . More specifically, an order group occurs in the ramification group filtration of / if and only if there exist two degree Artin-Schreier extensions of with distinct different exponents. If this is the case, then the number of such order groups is exactly /( − 1) times the gap between the two distinct different exponents.
An immediate consequence of Theorem 3.11 is the following simple formula for the different exponent of | : Proof. By (1.2), ( | ) = ( + 1)( 2 − 1) + ( − )( − 1). The result now follows from Theorem 3.11.
It is straightforward to determine the relative different exponents ( | ) from Corollary 3.12 via (1.4), namely
Note that (3.13) is true even if does not totally ramify in / , by Proposition 3.8. We remark that Theorem 3.4 of [1] provides a partial result on the relative different exponents in a compositum of two Artin-Schreier extensions. When has distinct different exponents in the two extensions -this corresponds to our case < -then totally ramifies in , and the result of [1] agrees with (3.13) and (3.14). However, when has the same different exponent in both extensions, then the result of [1] only specifies a range of possible values for the relative different exponents, whereas (3.13) and (3.14) provide the actual values.
The Case of Arbitrary
We now derive the decomposition law and the different exponents for the case of arbitrary ; the ramification group filtration is the subject of a forthcoming paper. Throughout this section, let the compositum of ≥ 2 degree ArtinSchreier extensions of so that [ : ] = . We assume that each of these extensions satisfies (2.1). Repeated application of Theorem 3.4 immediately yields the following: 
It is easy to deduce that #ℳ = ( − 1)/( − 1). The cardinalities of the sets in (4.2) are given as follows. 
Proof. We first observe that is the compositum of certain Artin-Schreier extensions over , so it contains exactly ( − 1)/( − 1) intermediate degree extensions of . By Corollary 4.1, these are exactly the fields ∈ ℳ in which splits, i.e. the fields in . This proves # = ( − 1)/( − 1).
Next, we note that is inert in , again by Corollary 4.1. Furthermore, ∩ = , since otherwise ∩ would contain a degree extension of that would impossibly have to belong to both and ℐ. Hence, the compositum is a degree In principle, any different exponent ( | ) could be found by repeatedly applying Theorem 3.11. However, a closed form formulae can be obtained via Theorem 4.4 by applying the following restructuring technique. For any field ∈ ℳ with ℳ as in (4.1), denote by a place of lying above . Write
where the are ordered so that 1 > 2 > ⋅ ⋅ ⋅ > . Clearly ≤ . Now there exist positive integers 1 , 2 , . . . , with 1 + 2 + ⋅ ⋅ ⋅ + = so that ( | ) = for exactly fields ∈ ℳ, where
Recall that = ( 1 , 2 , . . . , ) with given by (1.5) for 1 ≤ ≤ . Set
3) so = for 0 ≤ ≤ . Now choose Artin-Schreier generators, again denoted by 1 , 2 , . . . , , so that
We are now ready to compute ( | ). The idea is to compute this quantity via the reordered field extension tower = / −1 / ⋅ ⋅ ⋅ / 1 / 0 = . Note that we restructured this tower by adjoining at the -th level the Artin-Schreier generator with the largest remaining different exponent. That way, if denotes a place of ( ) lying above , then the field extension tower is reordered in such a way that the different exponents ( | ) range from largest to smallest, from bottom to top. This "pyramid-like" structure with respect to the size of different exponents turns out to be convenient for our computation. 
where is any place of lying above and ( ) is the ramification index of in / . Proof.
However, the second equality immediately follows from the first, since both ramification indices are equal to 1 or , and
We induct on to prove that ( (4.5) Finally, (4.4) follows easily by applying the recursive formula.
In particular, if totally ramifies in / , then by Theorem 4.6,
The above identity (4.7) can also be found in the (unpublished) PhD dissertation [26] . Note that once again the closed form formulae (4.7) and (4.4) show that the different exponent of / can be read directly from these intermediate degree extensions.
We conclude this section with another application of Theorem 4.4 that leads to an easy and direct proof of a multiplicative formula connecting the zeta functions of , , and the intermediate degree Artin-Schreier extensions of . This result was first given in [9] , based on techniques from [17] and [10] ; see [21] . For any function field over a finite field, denote by the zeta function of . Proof. Fix an arbitrary place of and set to be a complex variable. Let ℛ, ℐ and be defined by (4.2), and , as given in Lemma 4.2. Since the Euler products of the zeta functions exist for Re( ) > 1, it suffices to show 
and this identity is straightforward to verify for = 0, 1 using Lemma 4.2. , and denote the divisor class number, the ideal class number, and the regulator of , respectively, of / ( ) for some fixed ∈ that is transcendental over . Also, let be the least common multiple of ( | ∞ ) for all infinite places of , where ∞ is the infinite place of the rational function field ( ). By [22] , we have
This implies the following: The remaining #ℳ − #ℐ fields ∈ ℳ satisfy = . Again our result follows from (4.9), the formulae for the divisor and ideal class numbers.
We remark on an interesting link between the multiplicative divisor class number formula of Theorem 4.7 and an additive genus formula. By a result of Kani [17] , certain relations among the idempotents of Gal( / ) in the group algebra over ℚ imply corresponding relations among the genera of the intermediate fields of / . Using this result, Garcia and Stichtenoth [12] found an additive genus formula which was also obtained in [18] . In our notation, if denotes the genus of a function field , this reads = ∑ ∈ℳ − − − 1 .
Conclusion
The different exponents and decomposition properties for a compositum of ArtinSchreier extensions are essentially determined by the splitting in all the intermediate degree Artin-Schreier extensions. In particular, a place is inert/totally ramifies/splits completely in any intermediate field if and only if it exhibits the same corresponding decompositions in all the intermediate degree Artin-Schreier extensions. The decomposition law for Artin-Schreier composita can be used to derive closed form formulae for any different exponent. This is accomplished by choosing suitable Artin-Schreier generators. The extension tower is then built up in a pyramid-like fashion, with the different exponents in the degree extensions decreasing as the corresponding level increases. Another direct consequence of the decomposition law is a multiplicative formula for the zeta function, yielding in turn corresponding relations for the divisor class number, ideal class number, and regulator.
In a compositum of just two Artin-Schreier extensions, we noted that the converse of Abhyankar's Lemma (Proposition 3.2) holds. Moreover, the ramification group filtration is also completely dictated by the decomposition data in the intermediate degree extensions. A characterization of the ramification group sequence in a compositum of an arbitrary (finite) number of Artin-Schreier extensions is the subject of a forthcoming paper.
Also of interest is the question to what extent analogous phenomena occur in other types of composita; for example, for which types of field extension towers the behavior of a place in the top level field (or any intermediate field) is characterized solely by the corresponding behavior at the second level, or more generally, in lower levels.
